TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 350, Number 4, April 1998, Pages 1481-1518
S 0002-9947(98)02068-6

LIMIT THEOREMS FOR RANDOM TRANSFORMATIONS AND
PROCESSES IN RANDOM ENVIRONMENTS

YURI KIFER

ABSTRACT. I derive general relativized central limit theorems and laws of it-
erated logarithm for random transformations both via certain mixing assump-
tions and via the martingale differences approach. The results are applied to
Markov chains in random environments, random subshifts of finite type, and
random expanding in average transformations where I show that the condi-
tions of the general theorems are satisfied and so the corresponding (fiberwise)
central limit theorems and laws of iterated logarithm hold true in these cases.
I consider also a continuous time version of such limit theorems for random
suspensions which are continuous time random dynamical systems.

1. INTRODUCTION

Let (£2,G, P) be a probability space with an invertible P—preserving transfor-
mation 0 : Q — €, let (E,F) be another measurable space, and let = be a mea-
surable (with respect to the product G x F) subset of E x Q with the “fibers”
Y = {{ € BE: ({,w) € E} € F. The set-up includes also a measurable map
T : Z — E such that 7(£,w) = (f.€,0w) with f, : 22 — Z% being measurable
“fiber” maps called random transformations (while 7 is called the skew product
transformation) with the composition rule f? = fgn-1,0---0 fg, 0 fo, : ¢ — ="«

Denote by P(Z) the space of probability measures p on Z, and write u € Pp(E)
if the marginal of g on £ is P. Such measures are determined by an essentially
unique measurable family u* such that p“ belongs to the space P(Z*) of probability

=w

measures on = and
(1.1) p(de, dw) = i (d€) P(dw).

It is easy to see that yu is 7—invariant if and only if f,u® = uf.

There is already an extensive literature on the ergodic theory of random trans-
formations, known also as the relativized ergodic theory, and, in particular, on the
thermodynamic formalism (variational principle, equilibrium states, symbolic rep-
resentations) for expanding random transformations and random subshifts of finite
type (see [Kil], [KK], [BG1], [BG2]) which yields also large deviations type results.
In the deterministic case the study of the Ruelle-Perron-Frobenius (RPF) operator,
which usually is the key point in the thermodynamic formalism approach, leads to
estimates of decay of correlations which, in turn, via some probabilistic arguments
yield central limit theorem (CLT) type results for corresponding dynamical systems
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(see [De]). Actually, the CLT requires much weaker conditions than one needs for
the thermodynamic formalism set-up, but for many interesting classes of dynamical
systems these conditions were verified only via RPF operator estimates.

In the random transformations framework the natural CLT has the following
form. Let u € Pp(Z) be 7—invariant with the disintegration (1.1), and let (&, w) =
vu(£),€ € E¥, be a measurable function. The aim of this paper is to provide
conditions (which can be verified for specific cases) which ensure that if ¢, =
0w — [ pudp, then for P—almost all (a.a.)w and any real a,

n—1
1 . 1 @ 22
1.2 “YiLezr — or',w)<ap, — e27? dx,
an e L verew b=

ag

which may be called a relativized (or fiberwise) CLT or a CLT in random envi-
ronments, depending on whether one takes a dynamical systems or a probabilistic
point of view. I shall derive also a corresponding law of the iterated logarithm
(LIL) saying that for P—a.a.w and p*—a.a.§ the sum Z?:_Ol ¥ o 74(&,w) has the
order 20%n loglog(o?n).

The whole set-up can be reformulated in the language of processes in random
environments. Namely, let (X,.A4) be another measurable space, X, a measurable
subset of X x , and Z : E — X a measurable “bundle” map, so that Z({,w) =
(Z%(€),w), where Z* maps E¥ to X“ € A. I view () as an environments space
and Z¢ and X“ as the path and the phase (or state) spaces, respectively, in the
environment w for the process Z¢ = Z o 7"(&,w) = Z7"“(f7¢). If u € Pp(Z) is
T—invariant, then Z¥(¢) can be considered as a usual stationary process on the
probability space (2,G x F, ), but my goal is to study properties of the process
Z¥(€) with respect to the measure u* for a fixed P—typical w, which usually
requires different arguments. In particular, if there exists a measurable family
of probability measures P¥(z,-) on X% 2 € X%, such that for any measurable

iCc X0 i=1,..n,
(1.3) pH{le=Ev: 2y el,Z5(§) €la,..., 2, (§) € Tn|Z5(§) =z}

- / / PY(z,dyr) - P" gz, dyn—1) P (Y1, T),
I Ino1

then Z¥(¢) becomes for each w a time-inhomogenious Markov chain and the whole
object is called a Markov chain, in a random environment. A particular case of
this set-up when all X*“ coincide with one countable set was introduced as a model
for stochastic automata, and its ergodic theory was studied in a number of papers
(see [Or] and the references there). An w—wise CLT for this situation under rather
indirect assumptions was obtained in [Col, but even for this particular case I shall
derive here more general and more comprehensive results. I shall obtain first a
CLT and an LIL in rather general circumstances, both under some uniform mixing
assumptions and using the martingale differences approach. Then I shall verify the
conditions of these theorems in the case of Markov chains in random environments
under the random Doeblin condition introduced in [Ki3], and in the cases of random
subshifts of finite type under certain random topological mixing conditions and
random expanding in average transformations. A corresponding law of the iterated
logorithm holds true for these cases, as well. Note that the large deviations type
results were obtained for Markov chains in random environments in [Se] and [Ki3],
and for random expanding transformations in [Kil].
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In the deterministic dynamics an important class of continuous time dynamical
systems (flows) can be modelled by suspensions constructed by a well-mixing trans-
formation and a Holder continuous function. I introduce also the notion of random
suspensions and obtain under natural conditions a CLT for this class of random
continuous time dynamical systems.

2. PRELIMINARIES AND MAIN RESULTS

I shall start with the set-up which, includes a 7—invariant probability measure
on E with the disintegration (1.1) and a measurable family of o—algebras F;, ,,n >
m,w € §Q, of sets from = such that

(2.1) Fron C Fror rifm’ <mandn’ > nand f;lfgffn = Froiin1
The uniform mixing (¢—mixing) coefficient is defined by

. p? (AN B) w C
(2.2) oY = sup ————" = u*(B)|, j > i.
7 aers e (yopery, | 12 (A)

Let ¢ = (€, w) = pu(§) be a measurable function on = so that ¢, as a function on
E¥ is F§ ,—measurable, and so in view of (2.1), @gi, o f, is Fi’, —measurable as
a function on =Z“. The set-up includes also a measurable set Q C 2 with P(Q) > 0

and the corresponding sequence of hitting times

(2.3) kiv1(w) = min{k > k;(w) : 0Fw € Q} with ko = 0.
Set
k1(w)—1 _
ww:<)0w_Eﬂ“’<Pwa \I/(f,W):\Pw(f)Z Z 1/107-1(53“)5
=0

(@) = (B 1 2) 72, Cw) = (Byeo | W2,
1/2
0o () = (E (o — By <ww|f5in>>2) ,

1/2
Dy (w) = (EW(\IJW — Euw(%lf&n)F) :

where E, always denotes the expectation (i.e. the integral) with respect to a
probability measure v and E,(:|-) is the corresponding conditional expectation.
Observe that

k1 (w)—1 k1 (w)—1

(2.4) Cw)< > cw)andDy(w) < > dyi(f'w).
= =0

Set © = 9@ [, = (@) ang T w) = (F,£Bw). I always assume that
0:(Q, P) — (Q, P) is ergodic; then it is well known (see, for instance, [CFS]) that
© is an ergodic measure-preserving transformation on the space (Q, Pg), where
Po(A) = P}(;?g?). I shall denote by Z¢ the restriction of = to E x @ and by p¢ the
normalized restriction of u to Eq, i.e. dug(§,w) = du®(§)dPg(w). It follows that
i@ is invariant under the action of T
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2.1. Theorem. Let ¢; = sup,, ;>q ¢7:i(w)7ki+j(w) and B; = (EPQDij)l/Z, and sup-
pose that

(2.5) S ¢)? < oo,
j=1
(2.6) > B < oo,
j=1
and

ki—1 2
(2.7) Ep, ( Z co Gi) < oo.
=0

Then P—a.s.(almost surely),
(2.8)

n—1 2

def ;

o2 n1LH;OHE (Z%qb@jwoﬁf)) = P(Q) (E w%ZEMQ \IJoTl))>
iz

and the series in the right hand side of (2.8) converges. Furthermore, P—a.s. for
any number a,

n—1
1 . 1 a 2
2.9 lim p® caEY: — oTt yw)<ap= e 22dx,
29t ufe T v b/

i.e. for P—a.a.w the p®—distribution of n='/? Zl o '(po1t), converges to the nor-
mal distribution with zero mean and variance o2, which in case ¢ = 0 is understood
as the unit mass at 0. Finally, o = 0 if and only if there exists a function n on Zg
from L*(Zq, pq) such that ug—a.s.,

(2.10) Vol =noT —n.

Moreover, assuming that o > 0, the following invariance principle for the law of
the iterated logarithm (LIL) holds true. If ((t) = (2tloglogt)*/? and

k—1 4
() = () S (w o9 4 (nt — Ko )

=0

k k+1
for t € [—, L), k=0,1,...n—1,
n n

then pg—a.s. the sequence of functions {n,(-), n > 3/a*} is relatively compact in
the space C[0,1] (of continuous functions on [0,1] considered with the supremum
norm), and the set of its limit points asn — oo coincides with the set K of absolutely

continuous = € C[0,1] with fo )2dt < 1.

I note that though there are some results on CLT for nonstationary processes
(see, for instance, [VR]) which at first sight could be used in Theorem 2.1, it turns
out that the assumptions needed for these results are not satisfied for the interesting
models I have in mind. Namely, [VR] requires that

n—m) 1Ew V207!
( ) Ey

m<j<n—1
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is uniformly in n and m bounded away from zero and infinity, which may be satisfied
only when k; is uniformly bounded—a very restrictive precondition. Thus in order
to derive Theorem 2.1 one has to take into account in an essential way the stationary
evolution on the space (€, P). My proof of Theorem 2.1 borrows few elements from
[Co], where a partial case of Markov measures u (with a countable phase space of
the corresponding Markov chain) and functions ¢, measurable with respect to ¢’
was considered. The extension to a class of functions ,, more general than in [Co]
follows by a slight modification of arguments from Section 20 of [Bil]. The LIL part
of Theorem 2.1 follows via a random martingale differences representation, which
provides also another proof of the CLT part of Theorem 2.1. After this paper was
accepted B.-Z. Rubshtein showed me [Ru] where CLT was proved in a similar setup
using martingale differences under rather general conditions.

It is much more convenient to formulate the assumptions of Theorem 2.1 and
of other results of this section in terms of the function ¥ and not in terms of
the original function ¢ and the set @, but it is useful to have also some sufficient
conditions on ¢ and on k; which yield these assumptions. I shall now formulate
a sufficient condition of this type (which will be proved at the end of Section 3)
in terms of mixing and approximations with respect to a family of o—algebras
Gmn CG,—00 <m < n < oo, onsuch that Gy,.p C Gy s if M < m, n' >n and
0Gm.n = Gm—1,n—1. The strong mixing (a«—mixing) coeflicient with respect to this
family of o—algebras is defined by

(2.11) ap = sup P(ANB) - P(A)P(B)‘.
k,A€G oo 1, BEGK4n, 00

Set also

(2.12) Yo = Ep|lg — Ep(lQ|G-nn)|,

where Ig(w) =1 if w € Q and = 0, otherwise.

2.2. Proposition. Suppose that
(2.13)

sup ¢(w) < oo and 212(al + ) < 0o orEp,c* < oo and 215/4(al +9)4 < 0.
@ =1 =1

Then (2.7) holds true. If @ = Qr, = {w : L, < L} for some random variable L, on
(Q, P) and a constant L, then vy, < 2%, with 4, = Ep|Ly, — Ep(Ly,|G—_nn)|, and
so one can write 4 in place of v in (2.13), which provides a sufficient condition
directly in terms of L,,, and the latter has an explicit representation in the specific

cases of Theorems 2.4-2.6 below.

Next, I shall describe another approach which sometimes is more convenient
since it does not require an explicit uniform mixing condition with respect to a
certain family of o—algebras as in Theorem 2.1. The set-up includes the same
objects f.,0,7, 0,9, u,Q, ki, ¥, F,,0,T,Pg,Eqg, and ug as above, but now in
place of a family of o—fields F}; ,, T consider another family of o—algebras 7, =
(fL)~170'“ | where T3 for each w is the restriction of the o—algebra F to ¢ C
E. Then 7*,1 = 0,1,..., is a nonincreasing sequence of o—algebras on =¥. Let
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uy : L2(E% %) — L2(Z%, u®) be an isometry operator acting by the for-
mula u,0(&) = p(f.€) and let v : L*(Z¥ p*) — L%(E%, u%) be its con-
jugate defined by [(ul@)du’ = [(uwp)@du for any ¢ € L*(E%, p%) and
@ € L?(E¥,u). It is easy to see that u,u’ : L%(Z¥, u*) — L%(E%,puv) is the
orthogonal projection to u,L%(Z%, u?), and the last set is exactly the set of
T¥ —measurable functions in L?(Z¥, u¥). Introduce also the operator U, = ul? (w),
where u} = ugn-1, 0 --- 0 ug, °© Uy, and let U} be its conjugate. The proof of
the following result emplois nonstationary backwards martingale differences ap-
poroximations and proceeds along the scheme similar to [Li], which, in turn, is a
modification of [Go], though both papers dealt with the stationary case only.

2.3. Theorem. Assume that (2.7) holds true and that the following two conditions
are satisfied:

(i) Epy D |Bue (Lu(¥ 0 T"),)| < 00
n=0
and
o 2
(ii) Epy Epe <Z |Ug"%\1/@nw|) < o0,
n=0

where US" = Ug, 1, 0---0US Us. Then P—a.s. (2.8) and (2.9) hold true, and the
criterion (2.10) for o = 0 remains valid, as well. Moreover, assuming that o > 0,
the invariance principle for the law of iterated logarithm (LIL) stated in Theorem
2.1 holds true.

Actually, by an approximation argument similar to [Li] one can prove Theorem
2.3 assuming the weaker condition

oo 2
(i) Ep, <Z B, |Ug"%\1/@nw|> <00
n=0

in place of (ii), but since for the models I have in mind the verification of (il’) is
not easier than that of (ii) and since, on the other hand, the proof of Theorem 2.3
under (ii’) is more complicated, I restrict myself to the case when (ii) holds true.

Next, I shall discuss specific examples of processes in random environments and
random transformations for which either the mixing conditions of Theorem 2.1
or the convergence conditions of Theorem 2.3 needed for martingale differences
approximations hold true. First, I shall consider the case when the p“’s are Markov
measures, and using Theorem 2.1 I shall obtain a result which both generalizes and
specifies the CLT for Markov chains in random environments from [Co], deriving it
for a more general class of functions and showing that the uniform mixing condition
required in Theorem 2.1 follows if one assumes the random Doeblin condition for
transition probabilities from [Ki3]. Thus, assume that p* is given by (1.3), but in
place of the conditional probabilities there I write

(2.14)

u“{& € 5% ZP(€) € Ty, Z5(€) € Ty Z2(E) € rn}

- / 7 (de) / / P(aydys) - P (g dgn 1) P” " (g, ),
Xw I |
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where X%, P¥(x,-), and T'; are the same as in (1.3) and n*,w € , is a measurable
family of probability measures on X“ such that for any measurable I' C X“,

(2.15) / n® (dz)P* (x,T) = n?“(I).
Let
)= [ [ P di) P ) P (e T)
XSw XS" 1o

and assume that there exist random variables N = N, € Z, = {1,2,...} and v, > 0
and a measurable family of measures m* € P(X*) such that for P—a.a.w € 2, any
z € X% "% and each measurable T C X*,

(2.16) PN, 2, T) > yom®(T),

which is a randomized version of the Doeblin condition introduced in [Ki3]. It
follows from [Ki3] that (2.16) implies the existence and uniqueness of a measure
n® satisfying (2.15). Let o—algebras Fy, , be generated by all sets of the form

{£:Z¢(€) €T}, Il =m,m+1,..,n, for measurable I C X0,

2.4. Theorem. Let Q = Qr = {w : max(N,,v;') < L} for a sufficiently large
L, so that P(Q) > 0. Suppose that (2.16) is satisfied, u* is defined by (2.14), and
the k;(w)’s are defined by (2.3). Then the condition (2.5) holds true. Thus if ¢ is
a measurable function on Z as in Theorem 2.1 satisfying the conditions (2.6) and
(2.7), then (2.8) and (2.9) hold true, as well. If ¢, (&) = ¢.(Z¥(£)) is, in fact, a
function on X (and, as before, 1, = @, — Eue ), then (2.9) can be written in the
form

n—1

| e
(mnggw&e?HZZwmamwa%@ %
f_(;‘l 1 (v .
= lim p {56: :%kzowem(Zk(i)Ka}:O_m e

which is satisfied for any initial point x € X“. A corresponding LIL described in
Theorem 2.1 holds true for this case, as well.

Next, I shall deal with random subshifts of finite type (see [BG2] and [KK]). In
this case 2% = {£ = (&,&.,...) + & € {1,...,0(A'w)} and age, ,(0'w) = 1 for all
1=0,1,...}, where { = £(w), is a random varlable on (9, P) satisfying

(2.18) /10g€dP < 00

and A(w) = (ai;(w)), w € Q is a measurable family of (w) x £(fw)—matrices with
0 and 1 entries such that P—a.s. A(w) has no zero row. A random subshift of
finite type is called topologically mixing if there exists a ZT = {1,2,...}— valued
random variable N = N, < oo on (€, G, P) so that A(0Vw)--- A0 2w) A0~ 'w) is

a matrix with positive entries for P—a.a.w. This property is equivalent to existence
of random variables N = N, < co and N = N,, < oo such that for any n > N,, and
k > N, the matrices A(w)A(fw)--- A(0"w) and A0~ Fw)AH*FH1w) .- A0~ w)
have only positive entries. The maps f,, act by shifts, i.e. (f.&); = &41 for each
€ € Z%. The spaces Z are imbedded into the compact space = = ZT x ZT x - - -,
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which is the infinite product of the one-point compactifications Z+ = Z+ U {oo} of
7T with a metric on Z given by

(2.19) d(£,€) = ;2—1' gi - gi :
For any measurable function g = ¢g(§,w) = g,(§) on Z x Q set
(2.20) var, g, = sup{|gw (&) — gw(£)| D& =6Yi=0,1,..,n— 1}.
Consider g such that there exist £ > 0 and a random variable K (w) > 0 satisfying
(2.21) Ep|log K4(w)| < 00
and, for any n =0,1,2, ...,
(2.22) varpgo < Kg(w)e ™",
Suppose also that
(2.23) Ep sup |90 (§)] < o0.

The random Ruelle-Perron-Frobenius (RPF) operator L% corresponding to a func-
tion g maps functions on =¥ to functions on Z%“ by the formula

(2.24) Lyq(8) = Z 9O g ().

Cefs'e
If g satisfies (2.21)-(2.23), then the random RPF theorem for a topologically mixing
random subshift of finite type yields (see [KK] and in a more restricted form [BG2])
that there exist a unique positive random variable A = A, with Ep|log\| < oo, a
positive measurable in (¢, w) and continuous in & function h = h(§,w) = hy, (), and
probability measures v“ on =Z“ such that

(2.25) Ly = Ashgw, (L2) V% = A1, and / hy,dv® = 1.

Then probability measures u* (called random Gibbs measures) such that
dp®

2.26 — (&) =hy,

(2.26) T © = hot®)

satisty

(2.27) for = p,

and the corresponding measure p with the disintegration (1.1) is invariant with
respect to the corresponding skew product transformation 7.
Let F¥ .., n < oo, be the finite c—algebra generated by cylinder sets

m,n’

Cnm,nm+1,---,77n = {f = (507613 ) : €Z =" fori = mam"' 17 ...,TL},

and let F» . be the minimal o—algebra containing | J o

n>m fm,n'

2.5. Theorem. Suppose that a random subshift of finite type is topologically mix-
ing, (2.18) is satisfied, the c—algebras Fy, ,, are defined as above, and a measurable
family of probability measures p* is constructed by a function g satisfying (2.21)-
(2.23) so that (2.25)-(2.27) hold true. Then one can choose a set Q in the form
Q=QL={w: L, <L} with P(Q) > 0, where L, is a random variable constructed
explicitly in the proof (see Remark 6.5), so that the condition (2.5) will be satisfied.

Thus, by Theorem 2.1, if (2.6) and (2.7) are satisfied, then (2.8) and (2.9) hold
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true together with the characterization (2.10) of the case o = 0. The corresponding
LIL follows, as well.

IfIset 7 = ['no» then it follows from Section 6 that the conditions of Theorem
2.3 are also satisfied for random subshifts of finite type as above, and so Theorem
2.5 can be derived from Theorem 2.3, as well, though for a more restricted class of
functions similar to the one in Theorem 2.6 below.

Finally, I shall consider expanding in average smooth random maps studied
in [KK]. In this set-up the =%’s for all w coincide with one compact connected
d—dimensional C? Riemannian manifold M (though a more general case of mani-
folds M* depending on w may be considered, as well) and all f, : M — M are
C? endomorphisms of M such that

(2.28) log | Df; "], log|IDfull € L'(Q, P),

and

(2.29) a= Eplog||Df; | <0,

where Df is the differential of f and || - || is the supremum norm. Again, I define a
random RPF operator £ by (2.24), and if the g,’s are Holder continuous, i.e.
(2.30) 190 (%) = 9o (y)| < Ko(w)(d(z,y))" Yo,y € M

(where d(-, -) is the distance function on M) for some x > 0 and a random variable
Kg4(w) > 0 satisfying (2.21), then (see [KK]) the random RPF theorem holds true,
yielding a random variable A* > 0, a function h = hy(z) > 0 on M x Q, and
probability measures v, u* on M and p on M x Q satisfying (2.25)-(2.27).

2.6. Theorem. Assume that the random transformation f,, satisfies (2.28) and
(2.29), the measures pu with properties (2.25)-(2.27) are constructed via the ran-
dom RPF theorem from [KK]| by a function g satisfying (2.30), and a function
© = @u(x) (for which the CLT is going to be proved) is Hélder continuous in &,
i.e. it satisfies (2.30) with, say, the same exponent k > 0 and a random variable
K,(w) > 0 such that

kl(w)—l ] 2
(2.31) EPQ< > (||s09m||+K«:(9Jw))> < 00,

j=0

with k1 given by (2.3). Then one can choose a set @ in the form Q = Qr = {w :
L, < L} with P(Q) > 0, where L, is a random variable constructed explicitly in
the proof (see Remark 6.5), so that the conditions (i) and (ii) of Theorem 2.3 will
be satisfied, and so (2.8) and (2.9) together with the characterization of the case
o =0 hold true, as well as the corresponding LIL.

If the closure of {f,,w € Q} is a compact set of uniformly expanding endomor-
phisms, then one can construct a random Markov partition (see [BG1]) and reduce
the problem to the case of random subshifts of finite type considered in Theorem
2.5. In the general case of random transformations expanding only in average (and
in further generalizations) when symbolic representations are not available it is not
clear how to construct the o—algebras 7. ,, and to exhibit the uniform mixing con-
dition of Theorem 2.1, and one has to use Theorem 2.3 instead. If a version of the
RPF theorem holds true so that an RPF operator (2.24) together with Ay, A, v*
satisfying (2.25) exist, then it is possible to write an explicit formula for the opera-
tor u¥ (see (6.29) in Section 6); but such a formula does not exist in more general
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situations, and then it is not clear how to verify the condition (ii) of Theorem 2.3,
so in a number of cases Theorem 2.1 may be more readily applicable. Also the class
of functions for which one can derive a CLT and LIL via Theorem 2.3 is usually
more restrictive than what one gets via Theorem 2.1.

Observe that Theorem 2.6 yields fiber-wise CLT and LIL for some deterministic
skew product transformations. For instance, consider an expanding map of the
3-dimensional torus T? = T! x T? given by the formula 7(z,y) = (f,,0y), where
0 is an ergodic automorphism of T? and fyz = v(y) + n(y)z (mod 1), where y(y) €
R, n(y) € Zy are measurable functions with 0 < [;, logn(y)dy < oc. Since both 6
and the f,’s preserve the Lebesgue measures (denoted Leb below) on T? and on T?,
respectively, I can view the f,’s as "random” expanding maps of T! with Q = T?,
P =Leb, M = T', and p¥ =Leb (which is a "random” Gibbs measure corresponding
to the function g, = logn(y)). Thus I arrive at a very particular case of the above
situation, and Theorem 2.6 yields that for Leb-a.a.y, Leb{x : \/_ Yo Lotz y)
< a} converges as n — oo to the right hand side of (2.9), and the corresponding
LIL follows, as well.

As another application of Theorem 2.6 I can write a CLT and an LIL for sums
of digits in “random base” expansions (see [Kid]).

2.7. Remark. An easy extension of the proofs of Theorems 2.1 and 2 3 yields a
random functional CLT saying that for P—a.a.w the process (") = \/_ Z[m

7i(&,w) on the space (2, u*) weakly converges as n — oo to the process ows,
where w; is the standard Wiener process (see Remark 2 on p. 510 in [Sh] and its
proof on p. 517). Furthermore, combining methods of [PS] and the present paper,
one can derive some invariance principle type results which also yield a P—a.s. law
of the iterated logarithm for Y ! 1 o 7%(£,w) with respect to p. Note also that,
using analyticity properties of the random RPF operators (see [Gu]), one can derive
similarly to [Ki2] relativized (fiberwise) moderate deviations type results.

Important classes of continuous time dynamical systems can be modelled by
suspension flows constructed by a well-mixing transformation and a sufficiently
regular function. Iintroduce next the notion of random suspensions and formulate a
corresponding CLT for them. The set-up consists of a measurable function ! = I, (£)
such that C~}(w) < 1,(§) < C(w) for some random variable C'(w) > 0 on Q, the
space Y = {(s,&,w) : ({,w) € 2,0 < s < 1,(€)}, and a continuous time (random)
dynamical system (semi-flow) o? defined by ot(s, &, w) = (s+t, & w) if s+t < 1, (€)
and o'(s,{,w) = (u,™*(Ew)) if 0 < u = s+t -3 gcichyi(l07)u(£), where
k= k(s,t,§w) = max{j > 1:s+t— 3,0, 1(lo7)u(§) > 0}. The semi-
flow ot is called a suspension over 7 with the ceiling function /. One can speak
also of a family of random transformations g!, defined by gi(s,€) = (s + t,€) if
Ec=Y s+t <1, and gt (s,&) = (u, fF€) if uw and k = k(s,t,&,w) are as above.
Then gg. g5 (s, &) = gt

Let u be a 7—invariant probability measure with the dlslntegratlon (1.1); then
n € P(Y) defined by dn(s, &, w) = Tdu® (§)dP(w)ds, where I = [ 1,(§)du® (€)dP(w),
is o—invariant. Let <p = <pw(§, s) be a measurable function on Y,1/) = 1, =

— [ pudp, @0 (€) = [ o, (&, 5)ds, and ¢ (€) = 0(€) — [V du*. Let
o—algebras F* . a set @, and hitting times k; be as in Theorem 2.1, and set

m,n’

v = 36T @0 0 1), (€) and RY = ST [ 0 (g w)]
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2.8. Theorem. Suppose that the conditions of Theorem 2.1 are satisfied both for
the function oV and for the function | in place of ¢ there, and, in addition,
sup,, C(w) < oo,

(2.32) E,, (RV)® < 0o and Ep, / [ (€, 8)|ds < o0,
0
(2.33) 36" < oo,
j=1
and
(2.34) S8 < 00
j=1

8 8 8 1 0| 1w
where B = (Ep,(DY))V® and DY (w) = (Bue (80 — Buo (80| 7g,))%)V%.
Then, P—a.s. for any number a,

I Y
(2.35) tli}rgou“’{ﬁ e=v: %/0 (¥ 00°),(0,8)ds < a} = ol e 22 dx

where, P—a.s.,

(2.36) o? = Jim %EW (/t(w o as)wds>2
= @) (Eu (40 + 3 Fu (000 077}

If o > 0, then, combining methods of [DP] and the present paper, a corresponding
LIL follows, as well.

3. LIMIT THEOREMS UNDER MIXING CONDITIONS

Set Ny (w) = max{l: ki(w) < n}; then
N, (w)—1

(3.1) > oTI{6w)| < RoTH (€,

where Rw(f):R(ﬁ,w):Ekl(‘“) 1|¢orﬂ(g, w)|. Next,
k1(w
(3.2) (B, R2)Y? < Z c(®w) L 1(w).

By (2.7) and the ergodic theorem, P—a.s.,
1 1
(3.3) lim —N,(w)=P(Q) and lim —I(ON@y)=0.

n—oo N n— oo \/ﬁ

Hence by (3.1) and (3.2), P—a.s.,

n—1 2
3.4 li E,. J = li E. (v TJ
B B (Ew L) = B (S e )
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and for each € > 0 and P—a.a.w,

Ny (w)—1
(3.5) hm 7 { Z \IloTj(ﬁ,w)‘ >€}=
§=0
Thus it remains to deal with the asymptotical behavior of == ZN" oty (& w),

which is the same as of \/—ﬁ ijl(“) Yo i (£, w), and so one has to prove results
only for Pg—a.s.w. First, I shall study the variance

Ny (w)—1 Ny (w)—1

(3.6) Eﬂw< 3 (\poTi)w>2= 3 Euw<(\IJoTi)w(\I/oTj)w>

i=0 ,7=0
n(w)—1 n(w)—2

Z B0 Wi, +2 Z D, ()-i(O'w),

where @ (w) = f;ll B (9,(¥oTh),), and I use the equality E,.(goT), =
E, 6. g0w, which follows since Fi,u® = 1®¥. By Lemma 1 from Section 20 in
[Bil], whenever the function V is Fo ks (w)—measurable and the function W is

.7-',:+j(w)7oo—measurable, for any r,s > 1, % + % =1, one has

B7) B (VW) = Buo VB W] < 265 (B |V ") (B [ W) V.

Since (¥ o TY),, is Fr (w),00 —measurable, then by (3.7) and the Cauchy-Schwarz
inequality

(3.8) ‘E,ﬂ <ww(onl)w>‘g‘Euw <(x1/ i (oo Fo )))(\IJoTl)w)‘

+

Eye (Eu“’ (Ww|f&k[z/z](w))(m ° Tl)w) ‘
1/2 1/2
< (B0 = B (Wl o)) (Br(woT'2)

o 1/2 1/2
20003y (B (B (Wl ) (B0 oT2)
< Dy ) (@) C(O'w) + 265 C(w)C(O'w),

where [a] denotes the integral part of a. This together with the Cauchy-Schwarz
inequality gives

(39)  Ep,

B (\I/w(\IJ o Tl)w) ‘ < B2y (B, C)'2 + 26y 5 Bp, C*

It follows from (2.4)-(2.7) and (3.9) that the series

o0

(3.10) ZEW w(UoThy,)
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converges absolutely Pgp—a.s. and in L*(Q, Pg). Next, I claim that, Py—a.s. and
in Ll(Q, PQ),
1 m—2
3.11 lim — ®,,_i(0'w) = Ep, @,
( ) mgnoo m ; ( W) Po
which by the ergodic theorem is the same as

: 1 i i
(3.12) Jim — ; ((O'w) — By i(O'w)) = 0.
Indeed,
(3.13) [D(O'w) = Py (O'w)| < bp—i(O'w),
where

Si(w) =" <Dsz](w)(w)0(®l )+ 20,5 Cl(w )C(@lw))
I=j
Since ¢; is monotone decreasing in j, then

m—2 m-—j m—2
(3.14) D bmoi(O'w) < Y 5(Ow)+ > 8(0w)
i=0 i=0 i=m—j+1

7), 62 € LY(Q, Pg), and $0 limy, oo =62(0™ 'w) = 0 P—a.s. and in
LQ PQ). Thus (3.14) together with the ergodic theorem yield that, P—a.s. and

m—2 m—j
1 1 ;

(3.15) lim sup — > m-i(®'w) < lim — > 6(0'w) = Ep,6;.

mmee i=0 eI o
Since §; — 0 as j — oo both Pgp—a.s. and in L'(Q, Pg) and the left hand side of
(3.15) does not depend on j, I derive that the left hand side of (3.15) is zero, which
by (3.13) gives (3.12), and so (3.11) holds true. Finally, (3.1)-(3.4), (3.6), (3.11),
and the ergodic theorem yield both (2.8) and

(3.16) lim —E <mz (Vo Ti)w)Q =E,,V?+ Ep,® = 0*/P(Q).

m—oo M
i=0

Next, I shall show that, Po—a.s. for any number a,

m—1
. - 1 : VP(Q) [* _P@pe?
3.17) 1 CYEeBEY: — Vol (& w) < =Y %/ 202
(3.17)  lim p {5 = ;:0 oT"(§,w) a} o e z

with ¢ = 0 if and only if there exists a function 7 on Z¢ from L?*(Zg, ug) such
that pg—a.s. (2.10) holds true. Actually, this last statement (i.e. the last assertion
of Theorem 2.1) follows already frorn (3.16) (see §§2-5 from Ch.18 in [IL] ). If
o = 0 then (2.8) says that \/— >0 L hgie © f3 converges in L2(Z¥, u*) (and so in
u¥—measure) to zero, which yields the assertion of Theorem 2.1 for this case, so
in what follows I assume that o > 0. Observe also that it suffices to prove (3.17)
for each a P—a.s. and not P—a.s. simultaneously for all a, since the latter follows
from the former in view of the monotonicity in a of the left hand side of (3.17) and
continuity in a of the right hand side of (3.17), and so everything is determined
already by rational a’s.
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Set UV = = Epe (Yol Fg)y () I want to show first that if SN = v — pV)
then, P—a.s. for any € > 0,

m—1
1 .

(3.18) hm lim sup p* {§ '— st OTJ(f,w)‘ > E} =0.
To do this I estimate

m—1
(3.19) EW(Z(é( o TY) ) ZE oiw +2ZH§,§V) O'w

3=0
where H(N) é:ll Ee (6wN)(6(N) oT"),). Taking into account that

2 1/2
320 (B (60 - B R 00 )

2\ 1/2
< <EW <\IJw — By (\I}‘U"ngku/z](w))) )

1/2
+ (EM“’ <\I]a(uN) —Eue ( |]:8)k[1/2 ))) ) < 2Dk[z/2](w)(w)v
I derive in the same way as in (3.8) that

1/2
< <E#“’ (5£,N) — By (6¢(‘;N)|‘7:61k[1/2](w)))2)

1/2 L 1/2 1/2
< (B o) 20l (Bue?) (B 6% 0T2)

< 2Dy (0) (@) Diy () (0'0) + 261/ Diy (1) (0) Dy () (O'w).

This together with the Cauchy-Schwarz inequality gives

E. <5§N> (6™ o T%)

It follows from (2.5) and (2.6) that the series

(3.21) ’EW (65JN>(5<N> o Tl)w)

(3.22) Ep,

o < 28218~ + 2(25[1//22] B%.

(3.23) Z B (6 (6N 0 TY),,)

converges P—a.s. and in L'(Q, Pg), and so I derive similarly to (3.16) that, P—a.s.
and in LY(Q, Pg),

m—1
1
(3.24) lim —E,o Y (6N o TI)? = 8} + Ep, HN).
Jj=0

m—oo M

Now (3.18) follows from (3.21)-(3.23) together with the Chebyshev inequality. Sim-
ilarly to above I derive also that, P—a.s. and in L*(Q, Pg),

m—1 2
(3.25) lim —E < N) o 77 ) = Euo (V)2 4 Ep, @) d:ef(a(m)fz,
7=0

m—00
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where (M) (w) =37 E (\IJSJN)(\IJ(N) oT"),), and it follows from (2.5), (2.6), and
(3.22) that

m—1 2 2
il g (V) = 1 (Ny2 - 9
(826)  Jim_ lim mE < ;J °T’) ) = im0 = Py
Since I am assuming that ¢ > 0, then for all N large enough (U(N))2 > 0; and
only such N will be considered in what follows. Therefore, in order to obtain (3.17)
it remains to show that, Py—a.s. for each number a and any NN large enough,

(3.27)
LS~ g o 7 i
Agnoou{ - mJZ\IJ oT 5,)<} a<N\/_/ e 22 g,
Set Z(m) = Z —( N>oTJ) o Z<m’"> =z =z _ 70 forn > m,
and x (™™ (u ) = x{mn) (u) = we 25" rhere i = /—1. Observe that
(3.28)

(TN 0 T9), = E i (Voiw| F1l (@iw) © F) = Bue (¥ 0 TFE (0 ks w ()

and so ZJ™" is T ()b

Joms 1 ()~ easurable. Set

oz (k=)L kD) o (B (N okl - (kl4j+1,ml)
4j(w) Euw <(ezuzw _ 1)(6111(\1! oT Jo 1)ezuZw >
o (k=1)1,k1) (N gkl o (klg+1,ml)
o (7028 “1)E,. ((ezu(\ll oTM )y q)eiuZl >

uUT

Then the Cauchy-Schwarz inequality and |e
0,1,...,

— 1| < |uz]| yield that for any j =

1/2 _
(3:29) A3(0) 26 (B (ZHI0P ) (0",
and using, in addition, (3.7), I derive for j = N, N + 1, ... that
Lo 1/2 ‘
(3.30) Aj(w) < 2u2¢j£N+l (Euw(zé(k—l)l,kl))Z) C(@kH—Jw).

Thus, similarly to Lemma 3 from [Co], it follows that, for any £ = 1,2,....,m — 1
and J = (m — k)l,

(3.31)
J—1
Ix(E=Dlm) () — 3 (k=D)L ()3 (RLmd) () < |Z Aj(w)]
7=0

1/2 ,N-1 )
S 2u2 (Euw (Ztg(k_l)l7kl))2> < Z @kl-‘r]w + Z ¢;/QN+ (@kl+Jw)) .
7=0
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Therefore by the Cauchy-Schwarz inequality

(3.32)
O () = T D040 (w))
k=1
m—1 k—1
< (XE)(k—l)l,ml)(u) . ij(k—l)l,kl)(u)xg)kl7ml) (u)) H X(G-1)1.41) (u)
k=1 Jj=1

m N _ 2 1/2
(5 (e 3 o))
k
m—1 1/2 oo 1/2
§2u2( (Eﬂw(Zé(k—l)l,kl))Q) Z¢1/2 1/2<ZG @kl+N 1 ) :

where G(w) = 3772, ¢;/QC2(®jw). Since © preserves Pg, then by (2.4), (2.5), (2.7),
and the monotone convergence theorem I obtain that

. P, = Ip, < 00,
(3.33) Ep,G = Ep,C*Y " ¢1/*

j=1
By the ergodic theorem

m—1
1
3 GoOHtNL(w) = Ep, (G o 0Ny,

k=1

3.34 i —
(3.34) -

where J; is the o—algebra of ©'—invariant subsets of Q.
Now let m = [n/l]. Since

1/2 l i

L (7)) _ 7(ml)y2 / < Zj:() 0(9 +Jw)

(3.35) B, (2 — Zim)) < 7
v vml

then it follows by (2.4) and (2.7) that, for Pyp—a.a.w and any € > 0,

(3.36) wed{¢: \/_|Z(")( ) —zMm(E) >e} —0 as n— oo,
while [ remains fixed. Next, applying (3.32) I obtain
(3.37)

N

m U T 2 (1= _
|X(0 1) H X ((k—1)1, kl) \/ﬁ)| < T <E Z E#w (Zag(k 1)l,kl))2>
k=1 k=1

m—1N-—1 [e%) m—1 1
1 13 1 _ 2
% < /N<E E E C2(®kl+jw ) E ¢J2 2 (E G(@kH-N lw)) )
k=1 j k=1
Since for any Borel function ¢,

=0

(338) By q(Z8500) = B gun 028 1)
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then by the ergodic theorem as m — oo the right hand side of (3.37) converges
Pg—a.s. and in LY(Q, Pg) to

2u? (1 1/2
(3.39) 7{—&3@ <E,W(Z§j>)2 Jl)}

| (Brav pOE @j|Jl)>1/2 + (b (Er@o0rm)

By (3.25), in LY(Q, Pg),

=

(3.40) lim 5 By (B (Z0)211) = (o))

Choose | = [, = v! for v = 1,2, ...; then J;,,, D J;,, and so, by the martingale
convergence theorem the term in the second braces in (3.39) converges Pgo—a.s. as
l, — o0o. By (3.40) the term in the first braces in (3.39) converges in L'(Q, Pg),
and so I can choose a subsequence v; so that along the subsequence I, this term
converges Pg—a.s. In view of the coefficient [='/2 in front, the whole expression in
(3.39) converges Pg—a.s. to zero along | = [,, — 0o, and so Pg—a.s.,

u (k=D)L KL,,) U

(3.41) X0 (—=) = I xe (—=) —0
vn P! NG
as, first, m — oo and, then, | = [,, — oco. Since X&O’”)(%) does not depend directly

on m and l,,;, while m = m,,, = [{*~], and the product in (3.41) is the characteristic

function of a sum of (not identically distributed) independent random variables
then in order to complete the proof of Theorem 2.1 I can use a CLT for arrays
(see Theorem 7.1 in [Bil], Theorem 27.2 in [Bi2], or §4 of Ch.III in [Sh]) provided
the Lindenberg condition saying that P—a.s. for any € > 0 (recall that I assume
()2 > 0 in (3.25)),

(3.42)
1 i k—1)l,. ki, .
lm lim — Z/ T (z\ Dy g e g
lyj—>oomyj—>oo m,,j vi 1 {|Zs J J ‘>6\/m}

holds true. In order to obtain (3.42), observe that in view of (3.38) by the ergodic
theorem for any K > 0, Pg—a.s. and in L1(Q, Pg),

N I _
(3.43) Jim > B <(Z£(’“ VUYL o sy >K)

k=1
= Ep, (E#‘”((ZU(JZ))2]IZS)>K) Jl)'

If my, is large enough then €,/m,, l,, > K, and so, Pg—a.s.,

My .

J
((k_l)lu->klu-)

Z/ (k—=1)ly kly ) (Zw ’ ’ )2du“’
Vi =1/ {lZw N PN

)

(3.44) lim sup

my,; —00 mujl

< Ep, <Eu°’ (Z(luj))QHIZ”"J‘ >K
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for any K > 0. Since the left hand side of (3.44) does not depend on K and the
right hand side of (3.44) tends to zero as K — oo, I conclude that both the limit
in (4.44) and the limit in (3.42) equal zero.

The invariance principle for the LIL part of Theorem 2.1 will be derived in the
next section via a martingale differences representation by some modification of
methods from [HH], which will provide another proof of the CLT part of Theorem
2.1, as well.

In order to prove Proposition 2.2, observe that

ki1—1 2 oo
) 1 .
(345) EPQ(ZCOHJ> SCQEPQk%:mZP{kl >j}
j=0 Jj=0
if sup,, ¢(w) = ¢ < o0, and
ki—1 2 00
(346) EPQ< Z coﬁj) < Z(EPQ]Ik(w)>j0209j)l/2
§=0 §=0
< (Epyc)H(P@)TV Y _(Plka(w) > jhY*"
§=0

Employing Lemma 1.1 from [VR] (or applying repeatedly Lemma 2 from Section
27 of [Bi2]), I obtain

(347) P{lky>n} =P{0" ¢ Q,j=1,2,...n} < Ep [ Igy arstvmo
$v/n>1>0

< Ep H Ep <IQ\9<1+3z[m>Q g1+(3l—1)[\/ﬂ71+(3l+1)[\/ﬂ)

1L /m>1>0
+ Z Ep|lg-a+suvang — EP(IG*(1+3L[\/W])Q|g1+(3l—1)[\/m>1+(3l+1)[\/m)
L/m>1>0
< Gﬁa([M) n (1 . P(Q))[%m + Z Ep|lg — EP(HQ|Q—[\/E,[\/W

L /m>1>0
< 6vnlaqym) +Yvm) + (1 — PQ)lE VT

with a;, and 7, defined in (2.11) and (2.12). This together with (3.45) and (3.46)
yields Proposition 2.2. O

4. LIMIT THEOREMS VIA MARTINGALE DIFFERENCES

In order to obtain martingale difference representations in the framework of
Theorem 2.1 I shall pass first to an invertible case by means of the “random natural
extension construction”. Namely, introduce the spaces

2 =€ €= (e bor,60,60,), & €Y, iy = fo & Vi €
E={(fw) we i) and Ep = {({,w) : w € Q, £ € E¥}. Then the two-

sided shift f,, : 2% — 2% defined by (f,€); = &1 is invertible and fu .ty = 16w fu
where, ¢, : ¥ — E¥ acting by ¢,(§) = &, & = (..., €-1,&0,&1,...) is the natural

Lo - 5 s ok
projection. Set Fy = 1  Fr o n > m >0, and F¥y = fr, FO e for k> 0.
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Observe that .7:',?1” C ]:',‘;’I,,n, if m’ <m, and n’ > n and f;lﬁg;‘,’n = .7:'7";1+17n+1, and
so for all k > 1,
9 (k= 1> Pk 70—k Pk ro—F r
JT (k—1), f@ k f.9 kw 0,n+k— f@*kwfl,n—i-wk - f@*kwa,n-i-wk = Fi)km'
By ffoo,n I denote the minimal o—algebra containing (J,~, ffk)n. Let 1 be a

T—invariant probability measure with the disintegration (1.1). For any I € ﬁ;;m
with 0 < m < n < oo there exists G € Fy , such that I' = ('G, and I set
() = u “(G). IfT e ]—"“’ with m < 0 and —oo < m < n < oo, then there exists
G € F such that I = (fw )"Yiym G- For such ' T define /i (T") = /"% (G) and
I extend % to the whole fi)oo,oo by monotone limits. It follows that fwﬂ“’ = o
and f;lﬂ‘g“’ = ¥, Set also ¢, = @y © Ly, 1@‘, Ve O Ly, U, = U, 01, f'(f,w) =
(fub. 0w), By = 51 and T(€,w) = #:1() (€, w).

Let ki(w) be as before for i > 0 and k;(w) = max{k < kis1(w) : 0*w € Q} for
i < 0. Take arbitrary A € f,:(w) and B e .7-" ()00 withl < 0andl <1 < j;

Onm

w)w

then there exist G € }"glz(( v kl(w) f(?k [(O1w) and He .7-'9 “ (Olw).0 SUch that
A= Fl LGL G and B = Fl Lel H. Tt follows that
FANB) ‘ ‘u YGNH)
4.1 B2 2 poB) = | 8| < ¢
( ) NW(A) ( ) ,U@lw(G) ( ) J

Since (4.1) is preserved under monotone limits, I conclude that it remains true for
any A€ F“__ i () Set

(l) Al Tw
and

T (W) =W o T — B (P o THFY )

where TH(€,w) = ((F5L )7'€,0W) for | < 0, and define

olw
e’} -1
Yo=Y (" @) -1 + Y ()P (w) - I w)),
(42) =0 l=—0c0
Z Ill) Z J(l)
l=—0c0

I claim that for Pg—a.a.w all series above converge in Lz(é“’, 4%). Indeed, for I > 0,

l )
I (@) = Bror. Vel F22 4 o10) © Fia

and so
! 5 : rolw
(43) Eﬂw (Ié )(w))z = Eﬂ@l“’ (\I/G)leﬂ(—)lw (qj@lW|f?m,kl(®lw))) .

Since @@zw is .7:'(()?:; —measurable, in view of (4.1) I can apply to the right hand side
of (4.3) Lemma 1 from Section 20 in [Bil], which in the same way as in (3.7) yields
that

Epo (I (@))? < 20,2 C(0'w) (Ee (1) (w)) %)/,
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and so
(4.4) (Bpe (1 ())2)2 < 29,7 C(0').
Next, for [ < 0,

N A~ A AL _ _
I = (Foru = By (B0l 22 o)) o (Pl )™
and so

l
(4.5) B (J5))? = D} _ (1) (®'w).

—1

Now (4.4), (4.5) and similar estimates for Il(l) and for Jl(l) together with (2.5) and
(2.6) yield that for Py—a.a. w the series in (4.2) converge in L(Z, a“).
It is easy to see that g, 07 = 2 1" =% ¥ (w), and so

Yo+ go— (9o =1 () + IV = ¥,
For 1 =0,1,..set Y =Y o T then YV is ]:"foo)kl(w)—measurable,
(4.6) GoTl =YD 4 goT! — goTHH,
and
@) B (YOI b o) = Baore (Yoo FOL L o1y 0 FL =0,

which provides the required martingale difference representation. Thus

1= 1=y, 1 .
(4.8) \/%;\IJOT \/%IZOY —i—ﬁ(g goT™).
Since g € L?(Zq, fig), where fig is the normalized restriction of /i to Z¢, then the
last term in the right hand side of (4.8) tends to 0 as m — oo both ug—a.s. and in
L?(B¥, i*) for Pg—a.a.w. Note also that in view of (2.7), ug—a.s. %R oT" =0
as n — oo. It follows that in order to prove Theorem 2.1 it suffices to derive the
CLT and the invariance principle for the LIL for martingales Zﬁgl Yw(l).

First, observe that by (4.6)-(4.8) and by the ergodic theorem, Py—a.s.,

m—1 2 m—1 2
. 1 o ! L 1 0
(4.9) Jim — B < > (For )w) = lim — B ( > v
1=0 1=0
1 m—1 . R
= g lz Epor(Yorw)? = Ejg (¥ + go T — g)°.
=0
This together with (3.16) yields that o = 0 if and only if U=g—goT fig—a.s.
Assume now that ¢ > 0. In order to complete the CLT part of the proof of
Theorem 2.1 by means of the central limit theorem for nonstationary martingale
differences (see Section 4.1 in [HH] or §8 of Ch.VII from [Sh]) it remains only to
verify the Lindenberg condition saying that, Po—a.s.,

m—1

. 1
(4.10) im — Z E. ((Yugl))2]lyw<”>s\/m> =0.
1=0
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In order to derive (4.10) observe that by the ergodic theorem, Pg—a.s. and in
LY(Q, Pg) for any K > 0,

1 m—
(4.11) limsup — Z < Y oThH? H|(Y0Tl)w>6\/m>

m—oo 1M

=0
1 m—1
= thllp E Z Eﬂ@lw <(Y®lw)2]IY@Lw>a\/m>
1 m—1
< Jlim — l E et ((YQZw)2H|Y@lw|>K> = Epy Eje <(Yw)2H|Yw|>K)-
=0

Since the last expression in (4.11) tends to zero as K — oo and the first expression
in (4.11) does not depend on K, then (4.10) follows.

In order to derive the invariance principle for the LIL for sums of the martingale
differences YV T shall employ Theorem 1 from [HS] (see also Section 4 in [HH]).
The last condition of this theorem follows from (3.3), (3.4), (3.16) and (4.9), and
the other two conditions hold true since

(412)  Ep, Y n "B ((YL§">)4HY$MI<MW> = B, <Y4 > n_2H|y<5n1/z)
n=1 n=1
< B <64 + Y4/ x_Qd:zc) =6+ 62EMQ Y? <
V|25

and
(4.13) Ep, > n 2B <|Y£")|wﬂ|ysn)26nl/2> = B, <|Y| > n_1/2H|y26n1/2>
n=1 n=1

v
< Ej, (|Y|/O x_l/zdx) =2e"E, [Y]? < 0.

Observe that, for any Borel set U C R,

m—1 m—1
{ez: Y ToT'({w)eU={{€E¥: Y e, 0uen, 0 FL(£) €U}
=0 =
m—1
={£€2: Y o, 0 Flow(d) e UL =5 (SI) U

where SU™ = Zﬁgl Ve, o FL is an F§ oo —measurable function on =*. It follows
that

ez Y Vol (Ew) e U= p((SS™)~'0)

-1
=p{E €= Y WoT (¢ w) e U}
=0

Hence the CLT and the LIL derived above for Zﬁgl W o T* with respect to 4%

imply the CLT and the LIL for 7;61 U o T with respect to p, yielding Theorem
2.1. |
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4.1. Remark. Tt is possible to prove Theorem 2.1 and even stronger invariance
principles without passing to random natural extension constructions as above by
modifying methods from [PS] which lead to martingale difference representations
of the form

PN g n = y(0) 4 o) _ gn)

N W
where \IJL(U ) = B (V| Fy kN(u.)))’
n Nn 1 n+1 W
gl = E By (WD) o TrH 7 N 1)

and

o0

Y) = Z <Euw (O o T T Ny
=0

- Eﬂ"” (‘II(N(nJrl)) 0 Tn+l|f&kn(w)+N(n—l))) :

Here one chooses N (5) to be small relative to j'/2 and such that
n 2y (W, — BN o 19— 0
j=0
as n — o0o. The corresponding estimates here are more technical than above, and
they can be done similarly to [PS].

Next, I shall prove Theorem 2.3 working in the original spaces without using the
above natural extension construction. Since (3.4) and (3.5) require only (2.7), which
I assume also in Theorem 2.3, then one has to obtain only (3.16) and (3.17), which
already yield (2.8) and (2.9). T shall find functions Y." = Y, {?(¢) and g, = gu,(€)
belonging to LQ(EQ pq) such that for Po—a.a.w and any [ = 1,2, ...,

(4.14) e (VDI T f(w)) = vV is Ty () — measurable
and
(4.15) (WoTh =Y + (g0 T — (90T ).,

which will provide the required backwards martingale difference representation. If
(4.15) holds true, then

1 1
(4.16) (ToTh, = — Yw(l) +——=((goT™)y — gu) + ——
NGO p m vm vm

Since g € L*(Zg, o), the last two terms in the right hand side of (4.16) tend to

U,.

zero as m — oo in L*(E¥, u¥) for Py—a.a.w. Thus it will suffice to show that,
Pg—a.s.,

1 m—1 2
417) i —E YD) = lim —E,. VoTh, )| =o%/P
(@17 Jm B, <Z ) Jim_ B, <§j< oT).) = o*/P(@)

and to derive the P—a.s. CLT and LIL with respect to u“ for backwards martingales
m—1+,(1)
Yo
=1 fw
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Set

(4.18) G = Z U s U ne;
n=0
then by the assumption (ii) of Theorem 2.3 g belongs to L*(Zq, ug). Clearly,
(4.19) You = gow — UG-
Ouw

Observe that for any bounded 7°“ —measurable function g on 29,

(420)  Bye <qU::E:: <gw|:r,::<w)>) — B, ((Uw >gw) — B,e. (qU;:gw),

Ouw

since U, q is Tk“l’(w)—measurable. Hence U g, = USE} (gw|’Tk“1’(w)) uo%—a.s., which

together with (4.19) gives
(4.21) You = gow — ULE}; (9ol T ()-

Applying U, to both parts of (4.21) and taking into account that U,UZq = ¢ for
any Tk“l’ (w)—measurable q, I obtain

(4.22) Vo, 0 F, = gowo F, — Ee (gw|77€“1’(w)).

Considering (4.22) for ©'~'w in place of w and applying U1 to both parts, I derive

(4.23) Vo, 0 Fl, = gor, 0 Fl, — E ai1,, (g@llw T,j?lw;W) o -1
= (90T = Buw((9 0 T Mol T w))-

Taking conditional expectations in (4.23), I have

(424) Bue (Yo T)u| T ) = B (90 T T ) — B (9 0 T ol Tie)-

Set YV = (Wo T, — (g0 T, + (g o T1),,. Then (4.24) implies (4.14) and
(4.25) YO = (yW o1y,

In fact, one can reverse the above arguments and conclude that such g, and v
are the only possible choices for the functions satisfying (4.14) and (4.15).

Next I shall prove (4.17). It follows from assumption (i) of Theorem 2.3 that the
series (3.10) converges absolutely Pg—a.s. and in L(Q, Pg). One has

(4.26) 1B(6'w) — By (0'w)| < bpuy(Olw),

where
i (w) = B (W (¥ 0 T,,)].
j=1

In the same way as in (3.14)-(3.15) I derive (3.16) from this and assumption (i) of
Theorem 2.3. Thus the second equality in (4.17) holds true, and the first equality
there follows from (4.16) and the fact that

1 1
4.27 lim —Eu(goT™?2 = lim —E onwgdn, =0,
(4.27) Jim —Epe(goT"), = lim —Eyenwgon,

since E¥g, € L*(Q, Po). Observe that by (4.14), for any Iy > 1) > 1,
B (YY) = B (VP B (VW T () = 0,
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and so, by (4.15), (4.25) and the ergodic theorem, PQ—a.s.

4.28 li —E v) = lim =Y B (yV)?
@)t L, (z ) mgnmmz
1 m—1 1)
. 1
- n%gnoog ; E“@l“’(Y@lw)Q = EMQ(\I} OT_gOT+g)2'

This together with (4.17) yields that ¢ = 0 if and only if W oT = goT — g
pug—a.s. Finally, assuming that o > 0, I verify the Lindenberg condition (4.10) for
martingale differences Yugl) required for application of the CLT results from [HH]
and [Sh] and the conditions for the LIL from [HS] and [HH] exactly in the same
way as in (4.11)-(4.13) above, which completes the proof of Theorem 2.3.

5. MARKOV CHAINS IN RANDOM ENVIRONMENTS

In this section I shall derive Theorem 2.4 from Theorem 2.1, verifying the condi-
tions of the latter. Define inductively k1+1( ) = min{k > k;(w) : 0~ %w € Q} with
ko( )=0and 1y = ny(w) = mln{k (W) @ ki(w) > L} and 7j41(w) = min{k;(w) :
ki(w) > (w)+ L}, =1,2,.... Set I¥(n) = I¥(n) = max{j : 7i;(w) < n}. By (2.12)
from [Ki3] it follows that for any x € X? "%, a measurable I' C X“, and P—a.a.
w e Q,

(5.1) |P? "% (n,2,T) = n°(D)] < 2(1 - L7,

where 7 is the unique probability measure satisfying (2.15). Take & = §%i+s (@,
n = kiy;(w) — ki(w) = k;(0%“w), and set

(5.2) () = PY(n,2,T) = n”"(I)

n
it (@)

Then by (5.1), for any y € X"’ and a measurable T' ¢ X" “,

y0 ol g ) e ) —ki@) < 91— 1)irE,

kitj(w)—ki(w)
In order to verify (2.5) it suffices to consider the right hand side of (2.2) for

A € F§y o of the form A = {& : ZP() € T'1,..., 2 ) (§) € Ik} and an

arbitrary B € Fp? () - By (2.14), (2.15), (5.2), (5.3), and the Markov property

it follows that

(5.4)

w w w ki(w)=1,
pAnB) = [ @) [ [ P P e da )
1 Ky (w)

(5.3)

ki) w w
o, P i) = i) 1 A0 BIZE, = )
= 1 (A (B) + 13 5,

where

(5:5)  [IZpl<  sup
yeXOFi @)y

9k (w)
/)(eki+](w) CkIH (w)— k(w)(dv) (B|Zk77+] (w) — U)

L0Fi (@), + —1\j/L
= s111Cp( ) C’gw(w)—kq',(w)(Fy) <201-L17
yexe (W)
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@,

and '} C X 6hits is the positive set in the Hahn decomposition (see [Bi2]) for
gri (@),

the signed measure (k’ (@) —ki (@) . Hence
(5.6) ¢; <2(1—L7H/E,

and so (2.5) holds true. Thus if (2.6) and (2.7) are satisfied, then (2.8) and (2.9)
follow by Theorem 2.1. If ¢,(§) = ¢, (Z2%(£)) is, in fact, a function on X and
Vu(2) = pu(2) = Eueopu(Z9(€)) = ¢u(z) — Eyeg,, then the second equality in
(2.17) follows from Theorem 2.1.

In order to obtain the first equality in (2.17), set

(5.7)  Sp(6) =D w(Zp(€).0%w), i (€)= SE(E) = S (&) forn = m,

pe{-} = p“{:|Z§ = =}, and observe that
68 {6 =@ sa-o)-e{e st @l > o)
<uizf{e: TSt <af
<ufe: st @ <ava} vue: Tisiuw©l > o)
By (2.14), (2.15), (5.2), (5.3), and the Markov property it follows that

69 e =St <o)

where

(5.10) lJe,| < sup ooy @) <2(1—17h)7*

and T’ is the positive set in the Hahn decomposition for the signed measure (Zi’fw)
Letting, first, n — oo, then ¢ — oo, and finally § — 0, I conclude from (5.7)-(5.10)
that both limits in (2.17) are the same, provided the second limit in (2.17) exists
and equals the right hand side of (2.17), which I have proved already.

6. RANDOM SUBSHIFTS AND RANDOM EXPANDING TRANSFORMATIONS

In this section I shall verify the conditions of Theorem 2.1 for random subshifts
of finite type and of Theorem 2.3 for random expanding in average transforma-
tions, extending to my more general situation the deterministic arguments from
Lemmas 1.9-1.12 and 1.14 in [Bo]. Whenever possible I shall deal with both cases
simultaneously. Set

o0

(6.1) Ry =Y K 0 'w)e ™, p(&,€) = e minliz0676),
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provided &, € € E¥, in the case of random subshifts,

(62)  Ru=) KO0 O)IDf Il IDf b DS LI p(6,€) = d(€,€)
1=1
in the case of random expanding transformations, and in both cases

(6.3) R.(£,€) = Ru(p(&,€))".

By (2.21) and (2.29) it follows that R, < co P—a.s.
In the expanding random transformations case set

Zo =Y IDf - IDf L NID S
=1

and e, = 3 min(1, pps) min(1, Z; '), where py is the injectivity radius of the Rie-
mannian manifold M. It follows (see Exercise 2.3 and its solution in Ch. 2 of [Hal)
that, for any z € M, if f'z = {21, ..., 2m} then the balls B, (y5) are disjoint
and there exist closed domains U,, D BZI.(”BH—J;:”) which are mapped by f,, diffeo-
morphically onto B, (gg,), and so each U, may contain only one preimage of each
point from B, (gg,). In particular, distances between different preimages under f,

of any point in M are not less than H%?_fﬁ’ and so the number ¢, of preimages

under f,, of any point of M is bounded by C( H%’?-fﬁ)d, where C' > 0 depends only

on M. If d(z,%) < g, then for each i there is a unique ; € f;!Z belonging to U,
and

. , _y IDFS!
min(1, ) min( D5 12T

1

(6.4) d(zi, %) < | Df5Hd(2,2) < 5
Ow

1 <

1
< §min(1,pM)(1—|—Zw) Ew-

In order to deal simultaneously both with random expanding transformations
and with random subshifts I set also in the second case €, = e~ ! and define in both
cases a family of cones of continuous functions on =“ by

(6.5) A2 ={q:q>0, /qdu“’ =landgq(¢) < e"*R“’(57£)q(f~) ifp(&,6) < el

where 1% is the same as in (2.25) and v > 1 is a constant. By (2.25) and (6.4) it is
easy to check directly (cf. [Kil]) that

-1 pwpw Ow
(6.6) Ao Ly AL C ATY for any v > 1,

where A, is the same as in (2.25), and by the construction, the functions h,, from
(2.25) belong to AY. (see [KK]). It is easy to see that there exists a constant C' > 0
depending only on M such that for any C' endomorphism f : M — M and any
x € M the set f~'z is C||Df~!||—net, i.e. for any y € M there exists z € f~lz
such that d(y,z) < C||Df~'|. Applying this to f? and taking into account that,
by (2.29) and the ergodic theorem,

n—1
o1 ny— 1 _
(6.7) Jim —log]|(DfZ) H< Jim — § 0: log || Df;Lll=a<0P —as,
J:

I conclude that there exists a random variable N = N, < oo on (2,G, P) with
values in Z* such that P—a.s. for any z € M the set (fY) "'z is an £, —net. In the
case of random subshifts I denote by N = N, a Z* —valued random variable such
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that A(w)A(fw) - - - A(A"w) is a positive matrix for all n > N, where the A(w)’s are
f(w) X £(6w) matrices apearing in the definition of a random subshift in Section 2.
Such an N, exists by the topological mixing assumption in Theorem 2.5. Observe
that this definition of N = N, is equivalent to saying that for P—a.a.w and any
n € 2% the set (f¥)~1n is an £(w)—net in =¥ with respect to the metric p(-,-)
defined in (6.1), since both characterizations of N, are equivalent to the third one
saying that for any j € {1,...,£(w)} the set (f2')~! contains a point £ = (&, &1, -..)
from =¥ with £ = j. Thus the characterization of N, is, essentially, the same
in both cases under consideration, which enables me to give their simultaneous
treatment.
I claim that in both cases, for any q € A%,
e)

(6.8) if(y - Agva1) LG () 2 Gl

where G, = Ay -+ - AgNw—14 exp(Z;-V:“O_l llgoie||) with ||| being the supremum norm,

{a) (w) = Rued, Lo = L‘g"ﬂw 0---0 Eg“’ o Ly, and I take the infinum in (6.8)

over all ¢ € =0"“% where in the random expanding transformations case =¥ = M
for all w € Q. Indeed, if £ € 29" 5 € ¥ then there exists ¢/ € (fN)~1¢ € =% with
p(n,¢") < ew, and so by (2.24),

N,—1

(6.9) LeNeg©) = > exp( > gor(¢,w))q(C)
Ce(fdw)—1e J=0

> e~ PO Hggjwﬂq(cf) > e PORCA ”g"j“’ne_'yR“E“’q(n).

Since wa qdv® =1 and g > 0, then there exists € Z¢ with ¢(n) > 1, and for such
7 (6.9) implies (6.8). Since fﬁg*Nquuer“’ = Ao Aghu—1g, (6.9) yields also that
for any ¢ € AY,

(6.10) q < Gueris’.
Next I shall need

6.1. Lemma. For P—a.a.w and any v > 2 there exists a, = Gy y < % such that

or any v > 2 and q € AY one can find ¢’ € A"w satis Ying

¥ 2l
(6.11) Aw - A@Nw—lw)_lﬁg)’qu = aphgne, + (1 —au)qd,
where hy, is the same as in (2.25).

Proof. T have to choose a,, so that
(6.12) Ao Agru10) 1 LONeg — aghgna, € AL,

which requires
Ao - ..)\erlw)—lﬁg,qu(g) — auhgn.,(§)

< e’)’Rerw(§>§~) (()\w ce )\er71w)_l,C(;’N“’q(g) — awthww(g)) y
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provided p(¢, é) < €gNuy, O, which is the same,
(6.13)

au <67R9Nww(£’é)h9Nww(g) — h@Nww(£)>

< R @O (0, Agra 1) T LENG(E) — M-+ Agro 1) T LN g (©).
By (6.6),
(6.14) G (A -+ Agwamay) TLLENeTIg € A0 T,

Observe that if £, € € Z6Mw satisfy p(§, 5) < €gnuy,, then there exists a one-to-one
correspondence between points & € fe_lelwg and ¢ € fe_lelwf so that

(615) p(g/vg/) < min(é‘@Nw*lwaDOwalwp(gaé))a

where D, = e~ ! for random subshifts and D, = ||Df; Y| for random expanding
transformations. Set D, (&,&) = K4(w)DE(p(€,€))"; then

’YDgNw—lw(é-,é) + DgwaleGwalw(gvé) = RGNww(gvé)v
and so by (2.22), (2.30), (6.14), and (6.15), for any &,£ € Z0"““ as above
(Move—1) 1LY G(8) = (Ngram1) ™! > et ®g(y)

gefin, 18

< e~ (DD -1, (E0) T RN, (€:6) ()\erlw)—lﬁgN‘“lwq(f)'

So in order to obtain (6.13) it suffices to have

au <67R9Nww(£’£)h9Nww(g) — h@Nww(£)>

Since by the construction hgw,, € Awa“’, and 50 hgn, o, (€) < €R9N"-’w(€7é)h91\lww(€),
then taking into account (6.8) and (6.10) (the latter for ¢ = hgn.,) it suffices to
obtain that

(616) g, (e'YRerw(Eaé) _ e_Rerw(E’é))GerweHégww

-1 _HS)
€ .

< <evRBNw<57é> _ e—(v—l)Dm1w<57é>+vR9Nw<s,é>) o

Next, for & ,é as above,

0 < Rywvuy(&,€) < Ruel = H
and

0 < YRpnw o (€,€) — (v — 1) Dgnu-1,(£,€) < YRynww(€,6).

For any z,y € [—Hff”), VHU(J”)] one has

e (2 —y) < e — e < M (2 —y),
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Hence in order to obtain (6.16) it suffices to have

(7 + Dawe TN Ryno (6, 8)Ggnany < (7 = 1) Dgro1, (6, E)G5 e,
and since
Dgnw-15(6,€)Ronwey = Ronu (€, €) Ky (0N w) Dijn -1,

and I always can assume that Ky > 1, I only need that
w

(6.17) a < %e—7<2Hé’z‘va+H£”)T

where Y, = Gyx, G2 Dhin, 1 RN, Observe that in view of (6.1), (6.2), (6.8),

and (6.10) the inequality (6.17) implies that a,hgnee, < (A - Agvu—1,) 1 Lo Neg,
i.e. the other condition for (6.12) is also satisfied. Thus, defining a,, by the right
hand side of (6.17), I complete the proof of Lemma 6.1. |

Let @ be a measurable set in © such that P(Q) > 0 and
(6.18) QCQL= {w : max(N,,, 2H%,  + HMV, G, 151 < L},
and define the hitting times k;(w) by (2.3).
6.2. Lemma. For anyw € Q, q € AY, v > 2, and n satisfying k;(w) < n one has
1 [5/L]
(6.19) [(Aw -+ Aomeo) T LY ™ q — hgnos|| < 2Le™™ (1 — gL_le_'YL> :

Proof. Tt follows from (6.11) that for any & = #F“w, ¢ € Af, and [ > L there
exists ¢’ € Agl“’ such that

(6.20) (Ao Agr15) " L5 = aghgrs + (1 - az)q'.
By induction it is easy to derive from (6.20) that for any ¢ = 1,2,... and ¢ € Aﬁ’
there exists ¢}, € Agk“(w)“’ such that
i1
(A )\gkiL(w)—lw)_l;C;)’kiL(w)q = (1 — H(l — aem(w)w)>h9k“_(w)w
1=0
i1
+dir H(1 — Qgkin)y,)-
1=0
This together with (6.10), (6.18), and the choice of a,, yields (6.19). O

—gFi (w)

6.3. Lemma. Letq andr be measurable functions on = and
such that ||ql], ||| < oo and there exists K4 > 1 with

“_ respectively,

(6.21) 19(€) — q(©)] < Kq(p(£.6))" V€, € € 2%,
where k;(w) are the same as in Lemma 6.2. Then
(6.22) ’/Q(Toffj(w))duw _ /qduw/rdu.gkj(w)w

2L -1 1 —1_—2L b/t
<AL (g + KRSl (1- 517"
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and
62 [Owr M) b £ [ adu.
) /1)
<ALl + Koo ) (1- 327 )

where p* is the same as in (2.26) and v =, = 1 + K R .
Proof. Observe that, by (2.28),
(6.24) Ry > K (07 0)Df Il > IDf 5,1 = (1D fo-1u] 7 > 0P —aus.,

since I assume (without loss of generality) that Ky(w) > 1. Suppose, first, that
q >0, and set ¢ = (¢ + K R,')([ qdp + K4R')™. Then [ Gh,dv* =1 and, by
(6.21), for any &,& € =¥,

029 a(©) <a@(1+ q(f;(f—ﬁfg) < 4O + Ro(6,6) < d(@)e™ D,

and since h,, € Ay I derive that gh,, € A§. Thus by (2.27) and (6.19),

j (w w w kjw),
/‘I(mfff]( Ndp —/qdu /rdﬂe
K i (w
= (/ qdp” + R_q) G(ro fjj(w))hwdl/w _ /rduek]( )w
K,
= d w q
(/q ne + Rw)
()‘“’"')‘0’“j<“>w)_1/7”£;’kj( ) (Ghy)dv?" “w /T’h@k @, a0
h

< (llall + BRI O - Agey,,) L8 (G

(6.26)

X

w) = hgryo, |l
1 [5/L]
< 2ol + Kol (1 - 327 )
proving (6.22) for a nonnegative ¢. Similarly, by (6.19),
©21) 10w Ago) h o L5~ [ adu|

B ||h9_xclj(w)w” (A -+ )‘gkj(w)w)_l‘ci;’kj(w)q - hgkjW)wH
] /1)
gL—le—ZL) ’

proving (6.23) for a nonnegative q. For a general g, represent it as the difference of
its positive ¢4 and negative g_ parts and apply (6.26) and (6.27) to each of them;
then (6.22) and (6.23) follow via the triangle inequality. |

< 2Ll + Koo ) (1

I shall deal first with the random expanding maps case. In order to employ the
estimate (6.23) I first need an upper bound for ||h!||. Observe that as n — oo,

I(Dfs-n) M Zo-ne < 1D N IDFy N Zo=n

= IDLE - IDfA =0

l=n+1
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as the remainder of a converging series. It follows that there exists a random
variable N = N,, such that Vo € M the set (f,’ 5 )~'a is an ¢, x,—net. Thus for

any z,y € M there exists z € (fe]\zﬁw)_l:z: with d(y, z) < €4-x,, and so

N
N 5
No-wy Morwho(@) = L) O Nhy g (2) > hy s, (2) exp(= Y [lgo-sll)

N
>hyx, exp(=YRy_x Ep-5, — Z llgo-iwll)-
j=1

Since [ he,NwduefN“ =1, I can choose y so that h,_x (y) > 1. Taking into account
also that

Ng-5y Ag-1w = /LZ’N“’NMVW < Hg(g—aw)engmwn,
j=1
I derive that for any x € M,

ho(z) > e T Ho-8u-5 Hf (09 w)e2N90-5u 1l 4F ()

and so ||hY]| < ™ Hw).

Now take @ = Qr N {w : max(R;', 17 (w)) < L} with Qr defined by (6.18),
and apply (6.22) and (6.23) with ¢ = ¥, and 7 = W,k . Since [ Wdpe =
f\Ilekj@)wduekj(w)“’ = 0, it follows by (2.31), (6.22), and the Cauchy-Schwarz in-
equality that

(6.28) w(ToT™)y,)| < 12L%" Ep, (| 0y + Ky (w))? < oo,

establishing condition (i) of Theorem 2.3. In order to derive condition (ii) I use the
formula

(6.29) U = Ay g £5(quhe),

which holds true since for any ¢ € L2(Z%, u*) and r € L?(Z%, %)

AL /rhewlll‘; ghy)du® = 25 /rcw qhy)dv®

— \— w Ow __ w

= /Eg (ghyu,r)dy —/(uwr)qdu .
Applying (6.29) successively, I obtain that

U Ve nw = (Ao Agint@n) Thoi o) L2F T witho = 07w

Qkn(©) 5™~ g
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Therefore by (2.31), (6.23), and the Cauchy-Schwarz inequality,

00 2
Ep, By (Z |Ug”nw\y@%|)

n=0
< 16L%*E <§ Uoony | + Ky(© "w))(1 — =L~ le~2F [n/L])
6.30) " n:o(” o-rull + Ke(07"w))(1 — 2 )

S 1
< 4:8L666LEPQ Z(H‘I’@*MH + Kg (0 "w))*(1 — gL—le—ZL)[n/L]
n=0

= M4LESE Ep, (| W] + Ko (w))? < oo,

establishing the condition (ii) of Theorem 2.3, and so completing the proof of The-
orem 2.6.

In order to complete the proof of Theorem 2.5 I shall need a few additional
arguments which can be applied only in the random subshifts case. Denote by C
the set of functions r on =¥ such that var¥r = 0, with var® defined by (2.20).

6.4. Lemma. Ifq€ A,y >1,r€C;,r >0, and rq #0, then
(6.31) (/ qrdv®) (A - - )\gnflw)_lﬁ‘;’”(qr) € Agn“’.

Proof. Let &, € € 2% and p({,g) = e, then
n—1

(6.32) L)) = > exp(d_gor(¢w)a(O)r ()

Ce(fp) ¢ J=0

n—1 ) -
< D exp (Z(g o7/ ((,w) + varii.‘tn_m)e”meq(c)r(o,
Ce(fz)*€
where p(¢,¢) = e~ By (2.22), (6.1), and (6.3),

Jj=0

n—1 0o
R.(¢,Q) + Z varf ¥, g < Z Ky (079 w)er(m+n+d)
Jj=0 =1

n—1
+ Z Ky(0'w)e™ =D = Roa,y (€, €).
1=0

This together with (6.32) yields that for v > 1,
w,n Rone (£,) pw,n &
(6.33) Ly (qr)(€) < @ ore &8 Lon (gr) (€).

Next, in the same way as in (6.9),
(6.34) /qrdu“’

= Qs At gna) [ B O D)5 )
> Gole "By, - Agn—14) " L™ (qr)(€)

for any &€ € 29"¢. Since ¢qr # 0, there exists & so that the right hand side of (6.34)
is not equal to 0, and so the left hand side of (6.34) is positive. This together with
(6.33) yields (6.31). O
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Now I can complete the proof of Theorem 2.5. Take Q = @, with @, defined
by (6.18), and consider cylinder sets A = {¢{ = (&,&1,...) € ¥ : & = a;fori =
0,1,...0y and B = {¢ = (Co,(1,...) €297 1 ¢; = byfori = 0,1,...,m}. Then

(6.35) pAN ()7 B) = [La(a o £ hudv
= (Aw - Agrno1y) ! / I L2 (Lyhy ).
Since 4 € €, 14 > 0, h,, € A}, and h,, > 0, then by Lemma 6.4,
o ™ ([ BTadv?) 0 dg) 5 (Tah) € AT,

and so by (6.35) and by (6.19) considered with & = #'w in place of w and n > k;(@)
it follows that

(6.36) W (AN (f5) 1 B) — (A’ "(B)]
‘/( ~/\91+n71w)_1£;7l+n(]1,4hw)

- (/ thAde)thnw)HBdVeHnw

< p (A B (A - Aama) T LD g — hn |

. . /1)

<2u“ (AW "¢(B)Le" (1 - gL_le_L) .
Take | = k;(w) and n = k;(f'w); then, by the choice of Q@ = Qr, v¥ "“(B) <
pf e (B Whgin, |l < Lpb"""(B), which together with (6.36) yields (2.5). This
yields (2.5) and completes the proof of Theorem 2.5. O

Hl+n

6.5. Remark. It is possible to define the set @) via the function g and intrinsic
characterictics of random subshifts and random expanding transformations. In
order to do that it is necessary to obtain appropriate upper bounds for G, and
[hel|- Since h, € AY, then by (6.10) one needs only an upper bound on G,. In
view of the definition of G, one has to obtain an upper bound for A, --- Agnve, -1,
which follows by

N,—1 N,—1
,\w---AgNwwz/ﬁw No e < [T “¢7w) exp( Z lggsell)-
7=0
Thus I can take Q = Qr = {w : ma.X(Nw,Gw,G‘gNww,Rw,RgNwW) < L} with
G, = H;-V:O ((@Fw)ell9oiull in the random subshift case, and Q = Qp N {w :
max(R,!,t 7 (w)) < L} in the random expanding maps case.

w )

7. RANDOM SUSPENSIONS

In order to prove Theorem 2.8, set I, = [, (£)du”(€) and apply Theorem 2.1
to the function [. Then for any o > 0, P— a.s.,

n—1
(7.1) lim ,ﬂ{g =GOS Uiy, — I ) (fhi, ()] > 5} =0V6 > 0.

n—oo .
=0
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Set t,(k) = Zf:o lgi, and ny,(€,s) = max{n >0: Y7 (lo7%),(£) < s}. Then

(72)  {&: (G tu(k) — k|l 2 b0VE} ={¢: Y (lo7) Zleu}
0<i<k+bVEk
k

u{¢: Z (loT)u(€) > Zigiw for somej =0, ..., [k — bVk] + 1}

0<i<j i=0

k
C{E T2 (g — lpr)(FLO)] > (b—1)CT '},

i=0
where Cy = sup,, C(w). By (7.1) and (7.2), P—a.s. for any o > 0,
(7.3) Jim € < (€t (k) — B > kF} = 0.
Observe that
t nw (€,t) t
a9 [ woo - > w ©+ [ woo)0.9d
i— sw(&,t

where s,(¢,t) = Z?:éé’t) (lorh,(&) and 0 < t — s,(&,t) < Oy, and

(7.5) / (1 00°)(0,6)ds| < (qo D), (€),

w(&:t)

where by assumption

1w ()
(7.6) 0(6) = / (€, 5)|ds € LY (Zq. p0)-

In view of (7.3)-(7.6) it is easy to see that in order to obtain (2.35) it suffices to
show that, P—a.s. for any a,

k
1 : 1 a 22
7.7 lim p* cEY: — M) o 7 w < a} = e 2327dx,
e LW emu©ap =20 |

i=0
where
1 k—1 ‘ 2
(7.8) 52 = klﬂ"{io EEW (Z(Q/N) o T’)w>
i=0

P(Q)(E (w2 +ZE v \I/(l)oTJ))>

By the ergodic theorem, P—a.s.,

. tw(k) 5
(7.9) klg{)lo = I,
and so
1 k 1 a 2
7.10) lim p“< € € =¥ D) o 7%, <a}:_/ e 37 dir.
( ) o, P {5 t, (k) §(¢ Jo(8) < o2 J_oo
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Theorem 2.8 will follow if I show that for any € > 0 and P—a.a.w,

(7.11)
1w (§5tw (K))

k

1 , .
lim p“<&e=": — O o 71, (6) — O o9, ‘>€}=O.
jim pefee = >0 0r)u(e) (@ o 7l
Actually, it suffices to obtain (7.11) for Pg—a.a.w, since n=1/2 Zf;(o“’) (YpWor?), — 0
as n — oo. Taking into account (7.3), this will hold true if, Py—a.s.,

1
(7.12) lim u“’{f ez —
k—o0 l+aZ lia \/E
—k27T<j<k?2
where Ly, ; (&, w) = rj 0787 (¢, w) and 7, (§,w) = 31, (v ® o 79),(€). It suffices to
show that there exists C5 such that for any n =1,2, ...,

=0

| Lk, (&, w)| > 5} =0

(7.13) E,,r < Con*.
Indeed, by the Chebyshev inequality the sum in (7.12) does not exceed
def _g, —
(7.14) My(w) = e 84 > E orso (M) om0
_pEtecjcpzta

If (7.13) holds true, then
(7.15) Epy My, < 2C5e =8k~ 3+5,

Ifa< % then the right hand side of (7.15) is a k—th term of a converging series, and
so employing the Borel-Cantelli lemma I conclude that Pg—a.s. limy_,oc My = 0,
which proves (7.12).

In order to establish (7.13) I observe that
(7.16) (Bugrn)'/® < (Bug VI)'® + (Bug (RV)*)VE,

rQ'n

where V,, = Z;V:"O(“’)_l U o TI(¢, w) with N, (w) and RY(£,w) being the same
as in (3.1) and (2.32), respectively. I have to estimate only the first term in the
right hand side of (7.16), since the last term there is bounded by (2.32). Since
Nyp(w) < n, then

8
(7.17) By V<8l Y Epy|Euw [[¥Y o1,
0<idy <ip <o <ig j=1
and so one obtains (7.13) from the following result.
7.1. Lemma. Let ¥ = V(&) be a measurable function on = such that U, is
fgjoo—measumble function on 2 with E ¥, = 0. Set

m w my =
D™ = (Bue (Voo — Bype (Lo | F))*™) 77
and 5§m) = (Ep, (D,(CT))%”)ﬁ. Suppose that

(7.18) E,, U™ < o0,

(7.19) Y imer < o,

j=1
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and
(7.20) > "B < 0.

Then there is a constant C = C,,, such that for anyn =1,2, ...,

2m
(7.21) > Epy|Epe [[WoT¥| < Cn™,
0<ir < <izm<n =1
and so
(7.22) Euo(> ol < 2mlCn™

=0

Proof. The argument resembles the proofs of Lemma 2.1 from [Kh], of Lemma 4
from §20 in [Bi], and of Theorem 2 from Section 1.4.1 in [Do] (see also Remark 4
there), and it proceeds in the following way. Let

§ = Sir,.ig = MAX (ing41 — fg) = T2r41 — iar-

Then by (3.7) and the Cauchy-Schwarz inequality,
(7.23)

w def
1y0-572m

< H To T%)
. 2m .
- ENW ( H EN'W (q] ° le &ki27‘+[5/2]) > EN'W ( H Wo T1j> ‘
j=1 j=2r+1
12 (2m) —1/2m~N 2m 1/2m
m m tu 2m ) 2m
= < Plajz) T ZDs/z] (O"w < eww‘I’@mw> > H (Euem‘l’@m> :

Jj=1

Furthermore, by the same reasons, for ¢t = i, —i9,,—1 and each v = 1,2,....2m —2,

(7.24)

2m

’E#w [[wors
j=v
1/2 2m—1 —1/2my 2m 1/2m
m 1u ) 2m ) 2m
< ( [t/2] + Z D[t/2 6 (EM('”’“WW@“MU) ) H <EM@'LJW\IJ@ ]w) :

Jj=v
Using (7.24) with v = 1 and v = 2r + 1, it follows from (7.18), (7.23), and the
Cauchy-Schwarz inequality that

(125)  Brolis.csing < 201 maoy Bna U™ +2mB o (B W27,

[ max(s,t)] max(s,t)]

which by (7.19) and (7.20) yields that

(7.26) Y. Ergliyp, <Cn

0<ip <. <dgm <n
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for some constant C' > 0 independent of n. Estimating

2r 2m
B ( [[ Eue (ot 75, . m)) and  E, < IT ve T”)
j=1

j=2r+1

similarly to (7.23)-(7.26) and continuing in the same way, one eventually arrives at

(7.21).
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